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We show that entanglement between two solitary qubits in quasi one-dimensional Bose-Einstein
condensates can be spontaneously generated due to quantum fluctuations. Recently, we have shown
that dark solitons are an appealing platform for qubits thanks to their appreciable long lifetime. We
investigate the spontaneous generation of entanglement between dark soliton qubits in the dissipative
process of spontaneous emission. By driving the qubits with the help of oscillating magnetic field
gradients, we observe the formation of long distance steady-state concurrence. Our results suggest
that dark-soliton qubits are a good candidates for quantum information protocols based purely on
matter-wave phononics.
PACS numbers: 67.85.Hj 42.50.Lc 42.50.-p 42.50.Md 03.67.Bg
I. INTRODUCTION
After the exploitation of entanglement in optical and
atomic setups, entanglement generation finds renewed in-
terest in condensed matter systems. Short-distance en-
tanglement has been envisaged for spin or charge degrees
of freedom in molecules, nanotubes or quantum dots [1–
5]; owing to the long-range nature of the dipolar (∼ 1/r3)
interaction, Rydberg atoms are attractive platforms for
large-distance entanglement generation [6–10]. In fact,
considerably large separation between atoms is required
to transport information at long distances in such sys-
tems. To achieve this purpose, a virtual boson mediating
the correlation between two qubits is required. Photons
are the usual candidate for this task, either for supercon-
ducting qubits coupling in the microwave range [11] or for
quantum dots in the visible range [12–14]. The investi-
gation to generate two-photon entangled states has been
established [15]. Plasmons have also been proposed to
mediate qubit-qubit entanglement in plasmonic waveg-
uides [16].
Thanks to their large coherence times, ultracold gases
are natural platforms for quantum information process-
ing, quantum metrology [17], quantum simulation [18],
and quantum computing. In that regard, Bose-Einstein
condensates (BECs) have attracted a great deal of inter-
est during the last decades [19–21]. The macroscopic
character of the wavefunction allows BEC to display
pure-state entanglement, like in the single-particle case,
since all particles occupy the same quantum state. The
entanglement between two cavity modes mediated by a
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FIG. 1: (color online) a) Schematic representation of two
dark-soliton qubits placed at distance d in a cigar shaped
quasi one-dimensional BEC, surrounded by a dilute gas of
impurities. b) Collective states of two dark-soliton qubits.
Due to the coherent coupling, the two intermediate states |s〉
and |a〉 are maximally entangled. c) Qubit amplitudes in the
ground (|ϕ0(x)|2) and excited (|ϕ1(x)|2) states.
BEC has been investigated in Ref. [22]; two-component
BECs have been produced on atom chips with full control
of the Bloch sphere and spin squeezing [23, 24].
Another important feature of the macroscopic nature
of BECs is the dark-soliton (DS), a structure resulting
from the detailed balance between dispersion and nonlin-
earities. DSs are accompanied by a phase jump, resulting
on an extra topological protection [25–27]. The dynam-
ics and stability of DSs in BECs have been a subject of
intense research over the last decades [28–31]. In that
regard, the collision-induced generation of entanglement
between uncorrelated quantum solitons has been pro-
posed by Lewenstein et al. [32]. The study of collective
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2aspects of soliton gases bring DSs towards applications
in many-body physics [33, 34]. In a recent publication,
we have shown that DSs can behave as qubits in quasi
one-dimensional (1D) BECs [35], being excellent candi-
dates to store information given their appreciably long
lifetimes (∼ 100 ms). Dark-soliton qubits thus offer an
appealing alternative to solid-state and optical platforms,
where information processing involves only phononic de-
grees of freedom: the quantum excitations on top of the
BEC state.
In this paper, we report on the spontaneous generation
of large-distance entanglement between two DS-qubits
placed inside a quasi 1D BEC. The entanglement is gen-
erated by a combination of the external driving (with
the help of magnetic field gradients [36]) and the quan-
tum fluctuations (phonons) leading to spontaneous and
collective emission. We compute the steady-state con-
currence for sufficiently large distances, d ' 5ξ/2, with
ξ denoting the healing length, i.e. the size of the soliton
core, as depicted in Fig. 1.
The paper is organized as follows: In sec. II, we start
with the set of coupled Gross-Pitaevskii and Schro¨dinger
equations, to describe the theoretical model based on two
DS qubits in a quasi-1D BEC. Here, we also compute the
coupling between phonons and DSs. Sec. III describes
the effect of Dicke bases on the spontaneous generation
of entanglement. Sec. IV is devoted to the externally
driven magnetic field gradient scheme to observe the fi-
nite steady-state concurrence, followed by a summary or
conclusion in Sec. V.
II. THEORETICAL MODEL
We consider two DS placed at a distance d in a quasi
1D BEC. The qubits are formed with the help of an
extremely dilute gas surrounding the condensate, whose
particles are trapped inside the potential created by the
DSs, as illustrated in Fig. 1. At the mean-field level,
the system is governed by the Gross-Pitaevskii and the
Schro¨dinger equations, respectively describing the BEC
and the impurities
i~
∂ψ
∂t
= − ~
2
2mψ
∂2ψ
∂x2
+ g |ψ|2 ψ + χ |ϕ|2 ψ,
i~
∂ϕ
∂t
= − ~
2
2mϕ
∂2ϕ
∂x2
+ χ |ψsol|2 ϕ. (1)
Here, χ is the BEC-impurity coupling constant, g is the
BEC self-interaction strength, and mψ and mϕ denote
the BEC particle and impurity masses, respectively. The
two-soliton profile is [37, 38]
ψsol(x) =
√
n0
2∏
j=1
(−1)j+1 tanh
(
x− xj
ξ
)
, (2)
where xj = ±d/2 are the position of the soliton cen-
troids, n0 is the BEC linear density, ξ = ~/
√
gn0mψ
is the healing length. One possible experimental limi-
tation has to do with inhomogeneities induced by the
trap [39]. Fortunately, homogeneous condensates are
nowadays experimentally feasible in box-shaped poten-
tials [40]. This offers additional advantages regarding
the scalability (i.e. in a multiple-soliton quantum com-
puter), as uncontrolled phonon mediated soliton-soliton
interaction appears when inhomogeneities exist [41]. In
this paper, we make our numerical estimates based on
homogeneous condensates loaded in box potentials (see
Appendix-A).
A. Quantum fluctuations
The total BEC quantum field includes the two-soliton
wave function and quantum fluctuations,
Ψ(x) = ψsol(x) +
∑
j
δψj(x), (3)
with δψj(x) =
∑
k
(
u
(j)
k (x)bk + v
∗(j)
k (x)b
†
k
)
and bk be-
ing the bosonic operators verifying the commutation re-
lation [bk, b
†
q] = δk,q. The LDA amplitudes u
(j)
k (x) and
v
(j)
k (x) satisfy the normalization condition |u(j)k (x)|2 −
|v(j)k (x)|2 = 1 and are explicitly given in the Appendix-
B. The total Hamiltonian then reads H = Hq+Hp+Hint,
where Hq =
∑2
i=1 ~ω0σ
(i)
z is the qubit Hamiltonian,
ω0 = ~(2ν − 1)/(2mϕξ2) is the qubit gap energy, and
ν = [−1 +√1 + 4χmϕ/gmψ]/2 is a parameter control-
ling the number of bound states created by each DS,
which operate as qubits (labeled by the states l = {0, 1})
in the range 0.33 < ν < 0.80 (Appendix-A) [35]. The
term Hp =
∑
k kb
†
kbk represents the phonon (reservoir)
Hamiltonian, where k = µξ
√
k2(ξ2k2 + 2) is the Bogoli-
ubov spectrum with chemical potential µ = gn0. The
interaction Hamiltonian can be constructed as
Hint = χ
∫
dxΦ†Ψ†ΨΦ, (4)
where Φ(x) =
∑
l,j ϕ
(j)
l (x)a
(j)
l is the impurity field,
spanned in terms of boson operators annihilating an im-
purity in the state (“band”) l at site j, a
(j)
l . More-
over, ϕ
(j)
0 (x) = A0sech
α [(x− xj)/ξ] /
√
2ξ and ϕ
(j)
1 (x) =
A1 tanh [(x− xj)/ξ]ϕ(j)0 (x) are the Wannier functions
relative to Eq. (1), with width α =
√
χmϕ/gmψ and nor-
malization constants Al (Appendix-B). Using the rotat-
ing wave approximation (RWA), the first-order interac-
tion Hamiltonian, comprising interband terms only, read
(Appendix-B)
Hint =
∑
k
2∑
j=1
(
g
(j)
k σ
(j)
+ bk + g
(j)∗
k σ
(i)
− b
†
k
)
+ h.c.. (5)
3Here, σ+ = σ
†
− = a
†
1a0 and we use the shorthand notation
g
(j)
k ≡ g(jj)01,k = g(jj)∗10,k , where
g
(ij)
lm,k =
√
n0χ
∫
dxϕ
(j)†
l (x)ϕ
(j)
m (x) tanh
(
x− xi
ξ
)
u
(i)
k .
The counter-rotating terms proportional to bkσ
(j)
− and
b†kσ
(j)
+ that do not conserve the total number of excita-
tions correspond to the intraband terms (l,m) = (0, 0)
and (l,m) = (1, 1), which are ruled out within the RWA.
Such an approximation is well justified provided that the
emission rate γ is much smaller than the qubit transition
frequency ω0, as shown in Ref. [35].
III. ENTANGLEMENT DYNAMICS
After tracing over the phonon degrees of freedom [42–
44], we obtain the master equation for the two-qubit den-
sity matrix ρq
∂ρq(t)
∂t
= − i
~
[Hq, ρq(t)]− i
2∑
i6=j
ηij
[
σi+σ
j
−, ρq(t)
]
+
2∑
ij=1
Γij
[
σj−ρq(t)σ
i
+ −
1
2
{σi+σj−, ρq(t)}
]
,(6)
where
Γij =
2L
~2
∫ ∞
0
dkg
(i)
k g
(j)∗
k δ(ωk − ω0).
ηij =
L
2pi~2
℘
∫ ∞
0
dkg
(i)
k g
(j)∗
k
1
(ωk − ω0) , (7)
and L is the size of the condensate. The diagonal terms
Γ11 = Γ22 ≡ γ are the spontaneous emission rate of each
DS-qubit, while the off-diagonal terms Γ12 = Γ21 ≡ Γ
denote the collective damping resulting from the mutual
exchange of phonons. The term η12 = η21 ≡ η repre-
sents the phonon-induced coupling between the qubits.
Both Γ and η display a nontrivial dependence on the
distance d between the DSs, as depicted in Fig. 2. Con-
trary to what happens for the case of qubits displaced
in 1D electromagnetic reservoirs, both parameters van-
ish for large separations, d ξ, rather than displaying a
periodic dependence on d [45]. This is a consequence of
the local-density approximation (LDA) performed in the
computation of the functions u
(j)
k and v
(j)
k , reflecting the
local character of the solitons.
We solve Eq. (6) in the Dicke basis [46], as shown in
Fig. 1b). Depicted are the ground |g〉 = |g1, g2〉, the
excited |e〉 = |e1, e2〉, and two intermediate, maximally
entangled (symmetric |s〉 = (|e1, g2〉+ |g1, e2〉) /
√
2 and
antisymmetric |a〉 = (|e1, g2〉 − |g1, e2〉) /
√
2) states. In
this basis, the density matrix elements are given by
ρee(t) = e
−2γtρee(0)
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FIG. 2: (color online) Collective damping Γ and qubit-qubit
interaction parameter η (inset) as a function of the soliton
separation d. We have chosen ν = 0.75, for which dark-soliton
qubits are well defined.
ρss(t) = e
−(γ+Γ)tρss(0)
+
(γ + Γ)
(γ − Γ)
(
e−(γ+Γ)t − e−2γt
)
ρee(0)
ρaa(t) = e
−(γ−Γ)tρaa(0)
+
(γ − Γ)
(γ + Γ)
(
e−(γ−Γ)t − e−2γt
)
ρee(0)
ρsa(t) = e
−(γ+2iη)tρsa(0), (8)
with the condition ρgg = 1 − ρee − ρss − ρaa. The
symmetric state |s〉 is populated, by spontaneous emis-
sion, from the state |e〉 at the superradiant rate γ + Γ,
while the anti-symmetric state |a〉 at the subradiant
rate γ − Γ. The quantification of the entanglement is
performed by using Wootter’s concurrence formula [47],
C(t) = max{0,√ϑ1−
∑4
n=2
√
ϑn}, where ϑi’s denotes the
eigenvalues, in the decreasing order, of the hermitian ma-
trix ζ = ρρ˜. Here, ρ˜ = (σy⊗σy)ρ∗(σy⊗σy) describes the
spin flip density matrix with ρ∗ and σy being the complex
conjugate of ρ and the Pauli matrix, respectively. In the
following, we investigate the effect of both Γ and η in the
evolution of C(t) for two different situations: (i) the sys-
tem is prepared in the state (|s〉+ |a〉) /√2, from which
it decays spontaneously, and (ii) the DS-qubits are con-
tinuously pumped. In the first case, analytical solutions
to Eq. (8) provide (see Appendix-C)
C(t) = e−γt
√
sinh2 (Γt) + sin2 (2ηt). (9)
Fig. (3) shows C(t) for the initialization of the system
in the superposition of maximally entangled states. The
concurrence firstly displays a fast increase, being then
followed by a slow decay.
The time evolution of the initial state that is given by
equal populations in the states |s〉 and |a〉, i.e. ρss(0) =
ρaa(0) = 1/2, can be seen in panel b) of Fig. (3). It is
shown that the decay rate of the state |s〉 becomes subra-
diant while the state |a〉 decays at the superradiant rate
at a sufficiently large distance, d ' 2.5ξ ∼ 2 − 5 µm for
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FIG. 3: (color online) Time evolution of the concurrence C(t)
in the absence of driving. Panel a) depicts C(t) for the super-
position of maximally entangled Dicke states. d ' ξ (dashed
curve) and d ' 5ξ/2 (solid curve). Panel b) shows the pop-
ulation of symmetric state |s〉 (dashed curve), antisymmetric
state |a〉 (dotted-dashed curve) and time evolution of concur-
rence C(t) (solid curve) at distance d ' 5ξ/2.
a BEC in the conditions of [40]. The concurrence ex-
hibits an appreciably long lifetime (∼ 80 ms) due to the
asymmetry between the two cascades, eventually reach-
ing the value of the population of the symmetric state
|s〉, C(t) ' ρss(t). A major limitation to the concur-
rence performance could be the DS quantum diffusion, or
quantum evaporation [48], a feature that has been theo-
retically predicted but yet not experimentally validated.
Taking into account the latter, a maximum reduction of
20% of the total concurrence lifetime is estimated [35].
In any case, quantum evaporation is expected if impor-
tant trap anisotropies are present, a limitation that we
can overcome with the help of box-like or ring poten-
tials [40]. Additionally, the effect of the repulsive in-
teraction between two DSs must be considered. Taking
the short-range potential described in [34], we estimate
a maximum displacement of ∆ ' 0.09d for the dura-
tion of the concurrence build-up (∼ 100 ms, see below),
making it unimportant. The numerical simulations on
multi-soliton situation found a noticeable displacement
for the outer pair of solitons, while the inner 20 solitons
stay almost during the lapsed simulation time, τ = 100
ms (see Appendix-D). Moreover, the occurrence of im-
purity condensation on the bottom of the soliton, due to
a sufficiently high concentration of impurities, leads to
the breakdown of single particle assumption and spuri-
ous qubit energy shift. This can be avoided if fermionic
impurities are used instead [49]. In our numerical esti-
mates, we will consider a very dilute gas of 134Cs impuri-
ties to surround a dense, cigar-shaped 85Rb condensate,
and adjust the parameter g12 via Feshbach resonances.
It is worth comparing the entanglement generation
protocol presented here with other schemes proposed in
the literature, such as plasmon-mediated entanglement
in plasmonic waveguides (PW) [16, 50] and phonon-
mediated quantum correlation in nanomechanical res-
onator [51]. In the case of 1D PWs, a concurrence of
lifetime ∼ 8 ns is obtained at a distance of the order
∼ 600 nm [16]. But for transient entanglement mediated
by 3D PW, the concurrence lives for a short time (∼ 4
ns) [50]. Here, the concurrence exhibits a substantially
large lifetime (∼ 80 ms) at much larger distances (∼ 2−5
µm). Moreover, the investigation of exciton-phonon cou-
pling in hybrid systems (e.g. consisting of semiconductor
quantum dots embedded in a nanomechanical resonator)
indicates that the stationary concurrence strongly de-
pends on the resonator temperature [51]. Fortunately, in
our case, thermal effects are negligible (considering BECs
operating well below the critical temperature) and there-
fore the excitations providing the interaction between the
DS-qubits (phonons) are purely quantum mechanical in
nature. In the present situation, the concurrence is gen-
erated due to a considerably large value of the collective
damping rate Γ, as it becomes evident in Fig. (2).
IV. STEADY-STATE CONCURRENCE WITH
DRIVEN DS QUBITS
We propose to address the DS qubits with the driv-
ing scheme developed in [36] to excite turbulence in box
traps. We use a magnetic field of the form B(x, t) =
B0 + B
′ cos(ωdt)x, splitting the impurity J = 1 mani-
fold. The driving rate is determined by the Rabi fre-
quency Ω = gLµBB
′〈1|x|0〉/~ = CαgLµBB′ξ/~, with gL
denoting the Lande´ factor, µB the Bohr magneton and
Cα being some constant of order ∼ 1 (Appendix-E). The
inclusion of the driving term modifies the qubit Hamilto-
nianHq → Hq+Hd, where the RWA driving Hamiltonian
(obtained for ωd = ω0, for simplicity) reads (Appendix-
E)
Hd = −~Ω
2
2∑
j=1
[
σ
(j)
+ + σ
(j)
−
]
. (10)
We solve the master Eq. (6) including the driving term
in (10) and extract the concurrence C(t) (see Fig. 4).
Taking ρ˙q(t) = 0, we obtain the steady-state concurrence
(see Appendix-F)
C(∞) = 1
2
max
0, Ω2(γ|U| − Ω2)Ω4 + γ2 [Ω2 + 14{(γ + Γ)2 + 4η2}]
 ,(11)
where U = Γ + 2iη. As observed, C(∞) attains its max-
imum value at the separation d ' 2.5ξ ∼ 2− 5 µm and a
Rabi frequency Ω ' 0.35γ (' 5.5 Hz for our parameters),
as shown in Fig. 5. This condition is safely met in cold-
atom experiments, as magnetic field gradients of ∼ 10
Gauss/cm allows us to drive the qubits up to Ω ∼ 1 kHz
(Appendix-E). The remarkable and appealing feature of
DS qubits is the achievement of steady-state concurrence
for distances that are much larger than those obtained
in other physical systems [16, 50, 51]. This paves the
stage for unprecedented quantum information applica-
tions with phononic platforms. For example, one may
think of quantum gates performing at much larger dis-
tances than in the case of optical lattices, which achieve
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FIG. 4: (color online) Time evolution of the concurrence C(t)
for symmetric pumping (Ω1 = Ω2) at the distance d = 5ξ/2.
We have chosen Ω = 0.25γ (dashed curve) and Ω = 0.35γ
(solid curve) for illustration.
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FIG. 5: (color online) a) The steady-state concurrence C(∞)
as a function of distance d between DS qubits, with Ω = 0.25γ
(dashed curve) and Ω = 0.35γ (solid curve). b) The variation
of C(∞) with the Rabi frequency Ω.
logical operations at optical wavelength scales ∼ 800 nm
[52].
V. CONCLUSION
In conclusion, large-distance entanglement is made
possible via the magnetic driving of two dark-soliton
qubits, the elements of a recently proposed platform for
quantum information processing based solely on matter
waves. Dark-soliton qubits consist of two-level systems
formed by impurities trapped at the interior of dark soli-
tons, the stable nonlinear depressions produced in quasi
one-dimensional Bose-Einstein condensates. The entan-
glement is mediated by the quantum fluctuations (Bo-
goliubov excitations, or phonons). Thanks to the large
lifetimes of these solitary qubits (being of the order of
100 ms), an appreciable amount of entanglement can be
produced at large distances (a few µm) for condensates
loaded in box potentials. Our conclusion is that dark-
soliton qubits are excellent candidates for applications in
quantum technologies for which information storage dur-
ing large times is necessary [53, 54]. We expect that with
the development of trapping techniques, allowing for ho-
mogeneous condensates of sizes ∼ 100 µm, record large-
distance pure phononic entanglement ∼ 50 µm might be
achievable with 10−20 dark-solitons, overdoing - or at
least matching - the most recent findings with ions [55].
Also, BECs are good to hybridize with other systems,
putting our platform in the run for quantum storage de-
vices with interfaces [56, 57].
Appendix A: Bound states in a dark-soliton
potential: dark-soliton qubits
We consider a dark soliton in a quasi 1D BEC, sur-
rounded by a dilute set of impurities (a schematic rep-
resentation can be found in Fig. 1 of the manuscript).
The BEC and the impurity particles are described by the
wave functions ψ(x, t) and ϕ(x, t), respectively. At the
mean field level, the system is governed by the Gross-
Pitaevskii and Schro¨dinger equations, respectively,
i~
∂ψ
∂t
= − ~
2
2mψ
∂2ψ
∂x2
+ g |ψ|2 ψ+χ |ϕ|2 ψ,
i~
∂ϕ
∂t
= − ~
2
2mϕ
∂2ϕ
∂x2
+ χ |ψ|2 ϕ, (A1)
The dark solitons are assumed not to be disturbed by the
presence of impurities, which we consider to be fermionic
in order to avoid condensation at the bottom of the po-
tential. To achieve this, the impurity gas is chosen to
be sufficiently dilute, i.e. |ψ|2  |ϕ|2. Moreover, to de-
crease the kinetic energy (and therefore increase the ef-
fective potential depth), the impurities are chosen to be
sufficiently massive. Such a situation can be produced,
for example, choosing 134Cs impurities in a 85Rb BEC
[58]. Therefore, the impurities can be regarded as free
particles that feel the soliton as a potential
i~
∂ϕ
∂t
= − ~
2
2m
∂2ϕ
∂x2
+ χ |ψsol|2 ϕ, (A2)
where the singular nonlinear solution corresponding to
the soliton profile is ψsol(x) =
√
n0 tanh [x/ξ]. The time-
independent version of Eq. (A2) reads
(E − χn0)ϕ = − ~
2
2mϕ
∂2ϕ
∂x2
− χn0sech2
(
x
ξ
)
ϕ, (A3)
To find the analytical solution of Eq. (A3), the potential
is casted in the Po¨schl-Teller form
V (x) = − ~
2
2mξ2
ν(ν + 1)sech2
(
x
ξ
)
, (A4)
with ν =
(
−1 +√1 + 4χmϕ/gmψ) /2. The particular
case of ν being a positive integer belongs to the class of
reflectionless potentials [59], for which an incident wave is
totally transmitted. For the more general case considered
6FIG. 6: (color online) Qubits in a possible experimental sit-
uation: Numerical profiles of the dark soliton (black lines)
and the impurity eigenstates (blue lines). From left to right,
we depict the ground (ϕ0(x)) and the excited (ϕ1(x)) states,
respectively, of a fermionic 134Cs impurity trapped in a 85Rb
BEC dark soliton. The solid lines are the numerical solu-
tions, while the dashed lines are the analytical expression
described in the text. We have used the following parame-
ters: mϕ = 1.56mψ, χ = 0.88g (corresponding to ν ' 0.75,
as considered in the manuscript). We fix the number of de-
pleted condensate atoms by the dark soliton to be n0ξ ' 50,
although our numerical simulations (not shown) indicate that
the solutions are not very sensitive to its variation.
here, the energy spectrum associated to the potential in
Eq. (A4) reads
E
′
n = −
~2
2mϕξ2
(ν − n)2, (A5)
where n is an integer. The number of bound states cre-
ated by the dark soliton is nbound = bν+1+
√
ν(1 + ν)c,
where the symbol b·c denotes the integer part. As such,
the condition for exactly two bound states (i.e. the con-
dition for the qubit to exist) is obtained if ν sits in the
range
1
3
≤ ν < 4
5
, (A6)
as discussed in the manuscript. At ν ≥ 4/5, the number
of bound states increases, but this situation is not
considered here. In Fig. 6, we compare the analytical
estimates with the full numerical solution of Eqs. (A1),
for both the soliton and the qubit wavefunctions, under
experimentally feasible conditions.
Appendix B: Interaction Hamiltonian
As described in the manuscript, the interaction of a
system composed of two dark-soliton qubits + quantum
fluctuations and impurities can be described by the fol-
lowing many-body Hamiltonian
Hint = χ
∫
dxΦ†Ψ†ΨΦ, (B1)
where
Φ(x) =
1∑
l=0
2∑
j=1
ϕ
(j)
l (x)a
(j)
l
describes the qubit field in terms of the bosonic opera-
tors a
(j)
l annihilating an impurity in the state (or ‘band’)
l = (0, 1) and soliton j = (1, 2). We assume that the po-
tential to be deep enough such that the overlap between
the solitons is negligible. Such condition has been verified
in additional numerical simulations (not shown here). As
such, we use ϕ
(1)
0 (x) = ϕ
(2)
0 (x) ≡ ϕ0(x) = A0sechα(x/ξ)
and ϕ
(1)
1 (x) = ϕ
(2)
1 (x) ≡ ϕ1(x) = A1 tanh(x/ξ)ϕ0(x),
where Aj(j = 0, 1) are the normalization constants given
by
A0 =
(√
piΓ[α]
Γ[ 1+2α2 ]
)− 12
,
A1 =
(
22(1+α)A20
(
2F1[α, 2(1 + α), 1 + α,−1]
α
− 2F1[1 + α, 2(1 + α), 2 + α,−1]
1 + α
+
2F1[2 + α, 2(1 + α), 3 + α,−1]
2 + α
))− 12
. (B2)
Here, Γ[α] and 2F1 represents the Gamma and Hyper-
geometric function, respectively and α =
√
2χmϕ/gmψ.
The inclusion of quantum fluctuations is performed by
writing the BEC field as
Ψ(x) =
ψsol(x) + 2∑
j=1
δψ(j)(x)
 ,
where δψ(j)(x) =
∑
k
(
u
(j)
k (x)bk + v
(j)∗
k (x)b
†
k
)
and bk are
the bosonic operators verifying the commutation relation
[bk, b
†
q] = δk,q. The amplitudes u
(j)
k (x) and v
(j)
k (x) satisfy
the normalization condition |u(j)k (x)|2 − |v(j)k (x)|2 = 1,
being, within the local-density approximation (LDA), ex-
plicitly given by [60],
u
(i)
k (x) = e
ik(x−xi)
√
1
4piξ
µ
k
×((kξ)2 + 2k
µ
)(
kξ
2
+ i tanh
(
x− xi
ξ
))
+
kξ
cosh2
(
x−xi
ξ
)
 ,
and
v
(i)
k (x) = e
−ik(x−xi)
√
1
4piξ
µ
k
×((kξ)2 − 2k
µ
)(
kξ
2
+ i tanh
(
x− xi
ξ
))
+
kξ
cosh2
(
x−xi
ξ
)
 .
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FIG. 7: (color online) On-site (i = j) Interband g01,k =
g∗10,k ≡ gk (solid line) and intraband g00,k and g11,k (dashed
and dot-dashed lines, respectively) coupling amplitudes. Near
resonance (k ∼ 0.9ξ−1), the interband terms clearly domi-
nates over the intraband transitions, allowing us to neglect
the latter within the rotating wave approximation,
where xj is the position of the jth soliton. Using the ro-
tating wave approximation (RWA) discussed in the text,
the first-order perturbed Hamiltonian can be written as
Hint =
∑
k
2∑
i,j=1
1∑
l,m=0
(
g
(ij)
lm,ka
(i)†
l a
(j)
m bk
)
+ H.c., .(B3)
First, the smallness of the Wannier functions allows us to
neglect hopping and, therefore, the cross terms (i = j).
g
(ij)
lm,k =
√
n0χ
∫
dx ϕ
(j)†
l (x)ϕ
(j)
m (x) tanh
(
x− xi
ξ
)
u
(i)
k .
(B4)
To proceed, we notice that the intraband terms l = m
are much smaller than the interband terms l 6= m
for the resonant wavevector k, i.e. for the phonon
mode that is in resonance with the qubit transition
ω0. For illustration, we pick the on-site case (to
render the discussion clearer - the off-site coefficients
display the same behavior) and compute the intraband
terms, whose amplitudes are given by the coefficients
g
(jj)
00,k ≡ g00,k and g(jj)11,k ≡ g11,k, with the interband
coefficient g
(jj)
10,k = g
(jj)∗
10,k ≡ g01,k ≡ gk, as illustrated in
Fig. 7. As explained in the main text, and as we see
below, the validity of our RWA approximation is verified
a posteriori, holding if the corresponding spontaneous
emission rate is much smaller than the qubit transition
frequency ω0. Within the present approximation, Eq.
(4) of the manuscript is obtained.
Appendix C: Derivation of Dicke Basis Concurrence
The computational states of two-two level atoms can
be written as product states of individual atoms
|1〉 = |e1〉 ⊗ |e2〉, |2〉 = |e1〉 ⊗ |g2〉,
|3〉 = |g1〉 ⊗ |e2〉, |4〉 = |g1〉 ⊗ |g2〉. (C1)
The density matrix to calculate the concurrence has the
form
ρ =
 ρ11 0 0 ρ140 ρ22 ρ23 00 ρ32 ρ33 0
ρ41 0 0 ρ44
 , (C2)
for which the square root of the eigenvalues of the matrix
ζ = ρρ˜ are √
λ1,2 =
√
ρ11ρ44 ± |ρ14|,√
λ3,4 =
√
ρ22ρ33 ± |ρ23|. (C3)
Depending on the largest eigenvalue of the density matrix
elements, there are two alternative possibilities to define
the concurrence C = max{0, C1, C2} with
C1 = 2 (|ρ14| − √ρ22ρ33) ,
C2 = 2 (|ρ23| − √ρ11ρ44) , (C4)
It is interesting to represent the results of the concurrence
in terms of Dicke Basis
|e〉 = |e1〉 ⊗ |e2〉, |s〉 = 1√
2
(|e1〉 ⊗ |g2〉+ |g1〉 ⊗ |e2〉) ,
|g〉 = |g1〉 ⊗ |g2〉, |a〉 = 1√
2
(|e1〉 ⊗ |g2〉 − |g1〉 ⊗ |e2〉) .
(C5)
for which the matrix to transform original basis to Dicke
basis is defined by
U =

1 0 0 0
0 1√
2
1√
2
0
0 1√
2
− 1√
2
0
0 0 0 1
 , (C6)
leading to the new density matrix ρ′ = UρU† with same
form as that of Eq. (C2). Dicke basis density matrix
elements are related to original density matrix elements
as follows,
ρee = ρ11, ρeg = ρ14,
ρgg = ρ44, ρge = ρ41,
ρss =
1
2
(ρ22 + ρ23 + ρ32 + ρ33) ,
ρsa =
1
2
(ρ22 − ρ23 + ρ32 − ρ33) ,
ρaa =
1
2
(ρ22 − ρ23 − ρ32 + ρ33) ,
ρas =
1
2
(ρ22 + ρ23 − ρ32 − ρ33) . (C7)
8In the Dicke Basis, the eigenvalues of the matrix ζ = ρρ˜
are √
λ1,2 =
√
ρeeρgg ± |ρeg|,√
λ3,4 =
1
2
(√
(ρss + ρaa)
2 − (ρsa + ρas)2
±
√
(ρss − ρaa)2 − (ρsa − ρas)2
)
. (C8)
Therefore, the alternative form of the concurrence be-
comes
C1 = 2|ρeg| −
√
(ρss + ρaa)
2 − (ρsa + ρas)2,
C2 =
√
(ρss − ρaa)2 − (ρsa − ρas)2 − 2√ρeeρgg.
(C9)
Let the system is prepared, initially, in the state
(|s〉+ |a〉) /√2 and using the density matrix elements of
Eq. (C7), the concurrence can be written as
C = e−γt
√
sinh2(Γt) + sin2(2ηt), (C10)
which is the required proof.
Appendix D: The multiple soliton case
Although not necessary to the understanding of the
present case, we have performed numerical simulations
on multi-soliton situation. One of the main concerns in
related to their mutual repulsion. In a box potential of
size L ' 100 µm, we can imprint over 20 solitons, sep-
arated by distance of d = 2.5ξ, as in the main text. As
FIG. 8: (color online) A box potential of size L = 100 µm
containing 24 solitons. Noticeable displacement is only found
for the outer pair of solitons, while the inner 20 solitons stay
almost during the lapsed simulation time, τ = 100 ms, larger
than the concurrence build-up time of ∼ 80 ms described in
the manuscript.
we can see from Fig. 8, their mutual repulsion is very
small, an therefore deterioration of the entanglement is
expected to be negligible within the concurrence build-up
time (∼ 80 ms, as described in the manuscript). Solv-
ing the master equation for the multi-soliton case is ex-
tremely demanding computationally, and will therefore
be addressed in a separate publication.
Appendix E: Magnetic driving of the qubits
In order to attain a finite steady-state concurrence in a
pair of dark-soliton qubits, we must drive the transition
|0〉 ↔ |1〉 with a cw field. In atoms and ions, this is simply
performed with an external laser, which couples to the
electronic transitions (ω0 ∼ 1014 Hz) via a dipole term
∼ p ·A, with an amplitude given by the Rabi frequency
of Ω = p · A/~. Here, we are dealing with transitions
involving the center-of-mass motion of the impurities, for
which the typical frequencies are of the same order of
the chemical potential of the BEC, ω0 ∼ µ/~ ∼ kHz.
A possible way to access this transition is by applying a
time-varying magnetic field gradient along the BEC axis,
B(x, t) = (B0 +B
′eiωdtx)ex. This allows to Zeeman split
the impurity J = 1 manifold, which results in a driving
Hamiltonian of the form
Hdrive = −µ ·B = −
∫
dx ϕ(x)†gLµBB(x)ϕ(x). (E1)
By using the decomposition into the states |0〉 and |1〉
discussed above, we can re-write the driving Hamiltonian
as
Hdrive = −~Ω
2
2∑
i=1
(
eiωdtσi+ + σ
i
−e
−iωdt)
+ EZeeman(a
†
1a1 + a
†
0a0), (E2)
where EZeeman = gLµBB0 is a Zeeman shift that we can
absorb in the definition of ω0 (in practice, by choosing
a quadrupolar field configuration - as in the case of a
magnetic field produced by anti-Helmholtz coils, we can
safely assume B0 ∼ 0), and Ω = gLµBB′〈1|x|0〉/~ is the
Rabi frequency, which explicitly reads
Ω =
Cα
~
gLµBB
′ξ, (E3)
where Cα =
∫
ϕ1(x)xϕ0(x) is a constant of the order of
unit (0.6 ≤ Cα ≤ 0.86 for 0.5 ≤ α ≤ 2.0). A magnetic
field gradient of the order ∼ 10 Gauss/cm is currently
produced in cold atom experiments, allowing us to attain
a Rabi frequency up to Ω ∼ 150 Hz, around 10% of the
qubit transition energy ω0. The latter fairly exceeds
the requirements for a maximum concurrence situation,
achieved for Ω ' 0.35γ ' 5.5 Hz for the conditions of
the numerical examples discussed in the manuscript (see
Ref. [35] for details on the relation between γ and ω0).
9Appendix F: Derivation of Steady State
Concurrence
To find the steady state concurrence, Eq. (6) can be
written as
i
~
[HΩ, ρq] +
2∑
i 6=j
ηij
[
σi+σ
j
−, ρq
]
=
2∑
ij=1
Γij
[
σj−ρqσ
i
+ −
1
2
{σi+σj−, ρq}
]
, (F1)
with the density matrix elements
ρee =
Ω4
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
,
ρss =
Ω2
(
2γ2 + Ω2
)
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
,
ρaa =
Ω4
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
,
ρgg =
γ2
(
(γ + Γ)
2
+ 2
(
2η2 + Ω2
))
+ Ω4
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
,
ρge = − γ (γ + Γ + 2iη) Ω
2
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
,
ρes =
i
√
2γΩ3
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
,
ρgs =
i
√
2γΩ
(
γ (γ + Γ + 2iη) + Ω2
)
γ2
(
(γ + Γ)
2
+ 4 (η2 + Ω2)
)
+ 4Ω4
, (F2)
where, ρij = ρ
∗
ji and all other density matrix elements are
zero. Here, we assume a symmetric pumping for which
Ω1 = Ω2. Using Wootter’s criteria to find the concur-
rence and simplified expressions of the density matrix
elements, we obtained
C(∞) = 1
2
max
0, Ω2(γ|U| − Ω2)Ω4 + γ2 [Ω2 + 14{(γ + Γ)2 + 4η2}]
 ,
(F3)
where U = Γ + 2iη. Eq. (F3) is the final expression of
the steady state concurrence.
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